SELF-ADJOINT, UNITARY, AND NORMAL WEIGHTED 
COMPOSITION OPERATORS IN SEVERAL VARIABLES 



TRIEU LE 

Abstract. We study weighted composition operators on Hilbert spaces 
of analytic functions on the unit ball with kernels of the form (1 — (z, 
for 7 > 0. We find necessary and sufficient conditions for the adjoint of 
a weighted composition operator to be a weighted composition operator 
or the inverse of a weighted composition operator. We then obtain char- 
acterizations of self-adjoint and unitary weighted composition operators. 
Normality of these operators is also investigated. 



1. Introduction 

Let B n denote the open unit ball in C n . For H a Banach space of analytic 
functions on M n and tp an analytic self-map of B n , the composition operator 
C v is defined by C v h = h o tp for h in ~H for which the function h o (p 
also belongs to T~L. Researchers have been interested in studying how the 
function theoretic behavior of tp affects the properties of on T~L and vice 
versa. When T~L is a classical Hardy space or a weighted Bergman space of 
the unit disk, it follows from Littlewood Subordination Theorem that Cp is 
bounded on T~L (see, for example, |10t Section 3.1]). On the other hand, the 
situation becomes more complicated in higher dimensions. For n > 2, there 
exist unbounded composition operators on the Hardy and Bergman spaces 
of M n , even with polynomial mappings. The interested reader is referred 
to \10\ Chapter 3] for these examples and certain necessary and sufficient 
conditions for the boundedness and compactness of CL. 

Let / : M n — > C be an analytic function and let tp be as above. The 
weighted composition operator Wf jtp is defined by Wf tV h = f ■ (h o tp) for 
all h £ H for which the function / • (ho tp) also belongs to %. Weighted 
composition operators have arisen in the work of Forelli [13] on isometries of 
classical Hardy spaces H p and in Cowen's work [5l [6] on commutants of an- 
alytic Toeplitz operators on the Hardy space H 2 of the unit disk. Weighted 
composition operators have also been used in descriptions of adjoints of com- 
position operators (see [7] and the references therein). Boundedness and 
compactness of weighted composition operators on various Hilbert spaces 
of analytic functions have been studied by many mathematicians (see, for 
example, [4} \12 \ [151 [TTj and references therein). Recently researchers have 
started investigating the relations between weighted composition operators 
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and their adjoints. Cowen and Ko [9] and Cowen et al. [8] characterize 
self-adjoint weighted composition operators and study their spectral prop- 
erties on weighted Hardy spaces on the unit disk whose kernel functions are 
of the form K w {z) = (1 — wz)~ K for k > 1. In [3], Bourdon and Narayan 
study normal weighted composition operators on the Hardy space H 2 . They 
characterize unitary weighted composition operators and apply their char- 
acterization to describe all normal operators Wf tlfi in the case (p fixes a point 
in the unit disk. 

The purpose of the current paper is to study self-adjoint, unitary and 
normal weighted composition operators on a class of Hilbert spaces % of 
analytic functions on the unit ball. We characterize Wf yV whose adjoint is 
a weighted composition operator or the inverse of a weighted composition 
operator. As a consequence, we generalize certain results in OEM!] to higher 
dimensions and also obtain results that have not been previously known in 
one dimension. 

For any real number 7 > 0, let denote the Hilbert space of analytic 
functions on lB n with reproducing kernel functions 

K2(w) = IC(w, z) = — - for z, w G B n . 

(1 - (w,z)p 

By definition, Hj is the completion of the linear span of {K] : z £ B„} 
with the inner product {K] , KZ) = K^{w, z) (this is indeed an inner product 
due to the positive definiteness of K J (w, z)). It is well known that any 
function / € iJ 7 is analytic on B n and for z £ B n , we have f{z) = (/, K J). 

For any multi-index m = (mi, . . . , m n ) 6 Nq (here No denotes the set of 
non-negative integers) and z = (z±, . . . , z n ) G B n , we write z m = z™ 1 • • • z™ n . 
It turns out that has an orthonormal basis consisting of constant multi- 
plies of the monomials z m , for m € Nq. The spaces belong to the class 
of weighted Hardy spaces introduced by Cowen and MacCluer in [TUl Sec- 
tion 2.1]. They are called (generalized) weighted Bergman spaces by Zhao 
and Zhu in [18] because of their similarities with other standard weighted 
Bergman spaces on the unit ball. In fact, for 7 > n, is the weighted 
Bergman space ^_ n _ 1 (B„), which consists of all analytic functions that 
are square integrable with respect to the weighted Lebesgue measure (1 — 
\z\ ) 1 ~ n dV {z) , where dV is the Lebesgue volume measure on IB n . If *y — ti : 
H n is the usual Hardy space on B n . When n > 2 and 7 — 1) Hi is the so- 
called Drury-Arveson space, which has been given a lot of attention lately 
in the study of multi-variable operator theory and interpolation (see [TJ [2] 
and the references therein). For arbitrary 7 > 0, coincides with the 
space A 2 f _ n _ 1 (M n ) in [18] (we warn the reader that when 7 < n, the space 
-4£_ n _i(Bn) is not defined as the space of analytic functions that are square 
integrable with respect to (1 — \z'\ i ) 1 ~ n ~ 1 dV {z) , since the latter contains 
only the zero function). 
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2. Bounded weighted composition operators 

As we mentioned in the Introduction, the composition operator Cu, is not 
always bounded on of the unit ball M n when n > 2. On the other hand, 
if ip is a linear fractional self-map of the unit ball, then it was shown by 
Cowen and MacCluer that is bounded on the Hardy space and all 
weighted Bergman spaces of B n . It turns out, as we will show below, that 
for such ip, C v is always bounded on for any 7 > 0. We will need the 
following characterization of H^, which follows from \18\ Theorem 13]. 

For any multi-index m = (mi, . . . ,m n ) of non-negative integers and any 
analytic function h on B n , we write d m h = nff'"L fc m n , where \m\ = mi + 

OZ-^ ■■■OZ n 

• • • + m n . For any real number a, put dfx a (z) = (1 — \z\ 2 )~ n ~ 1+a dV(z), 
where dV is the usual Lebesg ue measure on the unit ball B ra . 

Theorem 2.1. Let 7 > 0. The following conditions are equivalent for an 
analytic function h onM n . 

(a) h belongs to H^. 

(b) For some non-negative integer k with 2k + 7 > n, all the functions d m h, 
where \m\ = k, belong to L 2 (M n ,dfi~ /+2 k)- 

(c) For every non-negative integer k with 2k + 7 > n, all the functions d m h, 
where \m\ = k, belong to L 2 (M n ,d/j,~ f+ 2k)- 

Remark 2.2. Theorem 12.11 in particular shows that for any given positive 
number s, the function h belongs to H-y if and only if for any multi- index / 
with |^| = s, d l h belongs to H 1+ 2 S - As a consequence, H yi C H~ j2 whenever 
7i < 72- 

Recall that the multiplier space Mult(-ff 7 ) of is the space of all ana- 
lytic functions / on IB n for which fh belongs to whenever h belongs to 
H T Since norm convergence in implies point-wise convergence on B n , 
it follows from the closed graph theorem that / is a multiplier if and only 
if the multiplication operator Mf is bounded on H^. It is well known that 
Mult(ff 7 ) is contained in H°°, the space of bounded analytic functions on 
B n . For 7 > n, it holds that Mult(# 7 ) = H°°. This follows from the fact 
that for such 7 the norm on comes from an integral. On the other hand, 
when n > 2 and 7 = 1 (hence is the Drury-Arveson space), Mult(-ff 7 ) is 
strictly smaller than H°° (see [U Remark 8.9] or [21 Theorem 3.3]). However 
we will show that if / and all of its partial derivatives are bounded on B n , 
then / is a multiplier of for all 7 > 0. 

Lemma 2.3. Let f be a bounded analytic function such that for each multi- 
index m, the function d m f is bounded on B n . Then f belongs to Mult(// 7 ), 
and hence the operator Mf is bounded on for any 7 > 0. 

Proof. Let 7 > be given. Choose a positive integer k such that 7 + 2/c > n. 
Let h belong to H^. For any multi-index m with \m\ = k, the derivative 
d m (fh) is a linear combination of products of the form (<9* f)(d s h) for multi- 
indexes s, t with s+t = m. For such s and t, d s h belongs to H 1+2 \ s \ C H 1+ 2k 
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(by Remark l2.2|) and d t f, which is bounded by the hypothesis, is a multiplier 
of H 1+2k (since Mult(tf 7+2fc ) = H°°). Thus, (5'/)(5 s /i) belongs to H 1+2k . 
Therefore, d m (fh) belongs to H y+2 k- By Theorem 12.11 fh is in H^. Since 
h was arbitrary in H~, we conclude that / is a multiplier of H^. □ 

An analytic map from B n into itself is a linear fractional map if there 
is a linear operator A on C™, two vectors B, C in ]B n and a complex number 
d such that 

, . Az + B 
(z, C) + d 

Using Lemma 12.31 together with the aforementioned Cowen-MacCluer's re- 
sult, we show that for p a linear fractional self-map of the unit ball, the 
composition operator C v is bounded on for all 7 > 0. In [H], Jury 
proves that C v is bounded on for all 7 > 1 by an approach using kernel 
functions. He also obtains an estimate for the norm of but we do not 
need it here. 

Proposition 2.4. Let 7 > be given. Suppose p is a linear fractional map 
ofM n into itself, then is bounded on H^. 

Proof. Since C v is a closed linear operator, to show that C v is bounded on 
H~, it suffices to show that hop belongs to _ff 7 whenever h belongs to H^. 
For 7 > n, this follows from |114 Theorem 15]. 

Now consider 7 > max{0, n — 2}. Write cp = (cpi, . . . , p n ). For each j, we 

have d Zj (hop) = (d Zl ho p)(d Z] pi) H V {d Zn ho p)(d Z] p n ). For 1 < k < n, 

since d Zk h belongs to H 1+2 (by Remark I2.2() and 7 + 2 > n, we see that 
d Zk hop also belongs to H 1+2 . On the other hand, since d Zj pk is analytic in 
a neighborhood of the closed unit ball, it satisfies the hypothesis of Lemma 
12.31 Therefore by Lemma [2.31 the product (d Zk h o p)(d Zj ipk) belongs to 
H^ +2 . Thus, d Zj (hoip) is in H^ +2 for all 1 < j < n. Now Remark 12.21 shows 
that hop> belongs to H^. 

Repeating the above argument, we obtain the conclusion of the proposi- 
tion for 7 > max{0,ra — 4}, then 7 > max{0,n — 6}, and so on. Therefore 
the conclusion holds for all 7 > 0. □ 

Remark 2.5. Proposition 12.41 together with Lemma [2.31 shows that if p is a 
linear fractional self-map of B n and / is analytic on an open neighborhood 
of B n , then the weighted composition operator Wf )ip is bounded on for 
all 7 > 0. 

We close this section with some elementary properties of bounded weighted 
composition operators. Suppose Wf >(p is bounded on H 7 for some 7 > 0. 
Then the action of the adjoint on the kernel functions can be computed 
easily. Indeed, for any z, w in B n > by the properties of the reproducing kernel 
functions, 

(Wf jip K2)(w) = (W^K], KZ) = (K], f-(KZo p)) 

'7 



f{z)Kl{p{z)) = f{z)Kl {z) {w). 
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This gives the well known formula 

W^K] =J(z)K; {z) . (2.1) 

It is straight forward that the set of bounded weighted composition oper- 
ators on any is closed under operator multiplication. In fact for analytic 
functions /, g and analytic self-maps <p,ip of M n for which both Wtw and 
Wg^ are bounded on some H^, we have 

WftfWgtf = Wf.g 0lp rf 0lp . (2.2) 

Another elementary fact we would like to mention is that each non-zero 
weighted composition operator Wf j(p is determined uniquely by the pair / 
and ip. In fact, suppose Wf t(p = W g ^ on and / is not identically zero. 
Then since / = Wf^K^ and g = W g ^K^, we obtain / = g. Now for any 
h G H-y, since / • (h o <p — h o ip") = and / is not identically zero, we have 
h o (p = h o ip. Write ip = (ipi, . . . , (p n ) and ip = (ipi, . . . , ip n ). Choosing 
h(z) = Zj, we conclude that ipj = ipj for j = 1, . . . , n. Thus, ip = ip. 

3. Unitary weighted composition operators 

Unitary weighted composition operators have been used in the study of 
Toeplitz operators on Hardy and Bergman spaces, see for example \2Q\ 
p. 189]. In this section we will characterize all unitary weighted compo- 
sition operators. In fact, we will show that Wf tt n is unitary on if and 
only if ip is an automorphism and / is a constant multiple of a reproducing 
kernel function associated with ip. 

For a £ B n , we define the normalized reproducing kernel kj by 

kj(w) = K2(w)/\\K2\\ = ( i_ J^ ))7 fOT w e 

Let ip a be the Moebius automorphism of the ball that interchanges and a. 
The formulas in Section 2.2.1] show that (p a is a linear fractional map 
of B n . Put U a = W fe 7 Va , the weighted composition operator on given 
by ip a and kj- By Remark 12.51 U a is a bounded operator. It turns out that 
U a is in fact a self-adjoint unitary operator, that is, U* = U a and U% = 1. 
This fact is well known and it is a consequence of a change of variables 
when is a weighted Bergman space (7 > n) or the Hardy space (7 = n). 
See \19\ Proposition 1.13] for weighted Bergman spaces and |19} Proposition 
4.2] for the Hardy space. On these spaces, one has the relation [201 P- 189] 
U a T v lI a = T volfa , where T v denotes the Toeplitz operator with symbol r\. 

For other values of 7, for example, the Drury-Arveson space, the inner 
product on does not come from a measure on M n so the approach using 
integral formulas does not seem to work. Our approach here makes use of 
the kernel functions and it works for all 7 > 0. We in fact show that for each 
given 7 > 0, for each automorphism tp of B n , there corresponds a weight 
function / for which is a unitary operator on H^. The function / 

depends on ip and the value of 7. 
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Proposition 3.1. Let tp be an automorphism o/B n . Put a = ■0 _1 (O) and 
b = ip(0). Then the weighted composition operator W k i^ is a unitary oper- 
ator on # 7 and = = W^-t. 

Proof. We will make use of the identity 

\ N . (1 — (a, a))(l — (z, w)) 

1 - W(z),iP(w)) = }- hH^. ^-{f (3.1) 

(1 - {z,a)){l - {a,w}) 

which holds for all z,w G B n (see [TBI Theorem 2.2.5]). With z = w = 0, 
(|3.ip gives \b\ = |^(0)| = |o|. For any z G B n , we have 

(l-HV 2 (1-|6| 2 ) 7/2 



(1 - (rP(z),b))-y (l-W(z),rP(Q))p 
(1 - |6| 2 p/ 2 • (1 - (z,o»t 



(1 - |a| 2 )^ 

|6| 2 \7/2 1 



a| 2 / #(z) 



(by ([311 with u; = 0) 
(since \b\ = \a\). 



We obtain 



k2{z) ■ k^{^(z)) = 1 for all zGB n . (3.2) 
By Remark 12.51 the operators W k i^ and W k i ^-i are bounded on ff 7 . 
For G ff 7 , 032]) gives W^W^-i/t = kj ■ {kj o i/i) ■ h = h. Therefore 
Wfcl^Wfc^V*- 1 = 7 on H i- Similarly, W k i^-iW k i^ = 1 on H 1 . Hence 
W k i^ is an invertible operator with inverse W k i^~i. 



Now let z and w be in B n . Using (I3.1h . we compute 
(1 - |a| 2 )^ 2 1 



(1 - |a| 2 )^ 2 (1 - («;, a))~< (1 - (a, K](w) 



(l-(w,a))i (l-|a| 2 )7 (l-(u;,z))7 fc 7 (z) • 
Thus W k2 ^K^ {z) = K]/kJ(z). Using this and formula (I2TTD . we obtain 

Since z was arbitrary and tp is surjective, this implies, by linearity, that 
W*~, yWkjrfh = h for all h in the span M of {K] : z G B„}. Since W k i^ is 
bounded on and is dense in i? 7 , we conclude that W* 7 ^lU fc 7 ^ = / on 
-ff 7 . Therefore W k j^ is an invertible isometry on iJ 7 , and hence a unitary 
operator. □ 

Corollary 3.2. For any a in M n , the operator U a = W k j Va is a self-adjoint 
unitary operator on H^. 



WEIGHTED COMPOSITION OPERATORS 



7 



Proof. Since tp a is an automorphism of B n with ip a 1 = (p a and a = <p a 1 (0) , 
the corollary follows immediately from Proposition I3.ll □ 

For any linear operator V on C n with ||V|| < 1, put ipy(z) = Vz for 
z € B n . Then is an analytic self-map of the unit ball. We denote by 
Cy the composition operator C^ v on H^. Lemma 8.1 in [10] shows that Cy 
is bounded on any H 1 and C v = Cy* (the boundedness of Cy also follows 
from Proposition 12, 4j) . When V is unitary, we obtain 



Corollary 3.3. For any unitary operator V ofC n , the composition operator 
Cy is a unitary operator on with adjoint C v = Cy* = Cy-i . 

Proof. The corollary can be proved by using Proposition 13.11 together with 
the fact that ijjy is an automorphism of B n with xfjy 1 = Vv -1 an d V'(O) = 0. 
It also follows (more easily) from the identities 

Cy*Cy = Cyy* = I = Cy*y = CyCy* . □ 

Now assume that tp, ip are analytic self-maps of the unit ball and /, g are 
analytic functions such that the weighted composition operators Wf u> and 
W g ^ are bounded on H^. We seek necessary and sufficient conditions for 
which Wf^W*^ = I on H 1 . 



Consider first the case <p(0) = 0. For any z in B n , by (12. lh . we have 
W^Kl = g{z)Kl {zV so W ftV W^ia = 9(z)fKl {z) o cp. Therefore, 

g{z)f{w)Kl (z) {^w)) = K](w) for z,w G B n . (3.3) 

Letting w = and using the fact that K^, z ^(p(0)) = ,(0) = 1 and 

K](0) = 1 for all z G B n , we obtain g(z)f(0) = 1, which gives g{z) = 1/7(0) • 
Thus, g is a constant function. 

Letting z = in ([33D gives (/(0))-VH#J (o) (¥>M) = = 1. 

which implies /(itf) = f (0) / K^, J(p(w)) for u; € B n . Substituting this into 
([331), we obtain ifJ w (^(™))/#J (0) = Thus 

(1 - (y>H^(z)))-r _ 
This gives (here we need to use the continuity of ip and ^ on B n ) 

i-( y W,^)) = forall2 , meB „, 

1 - (ip(w),i>(Q)) 

which implies 

( i-wU)) -* m -^ o) ) = <"■'>• (3 - 4) 

By Lemma 13.101 below, there is an invertible linear operator A on C n such 
that V(-z) = ip(0) + Az and <p(u;) = (I- {ip(w),7p(0)))(A*)- 1 w for z,w £ B n . 
The latter implies 

(¥>(«>), ^(0)) = (1 " • ((A*) _1 w, -0(0)), 
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which gives 

i - (<pW,m) = TTJ(A^m) = I+PW' 

Therefore ip is a linear fractional map given by the formula 

(A*)~ 1 w 
1 + (w, A 1 ip{0)) 

It turns out that in order for ip and ip to be self-maps of the unit ball, ip(0) 
must be zero. To show this, we will make use of Cowen-MacCluer's results 
on linear fractional maps. By the definition on p. 369], the adjoint 
map of <f has the formula o~(w) = A~ 1 w — ^4 _1 V ; (0). Since <p is a self-map 
of the unit ball, Proposition 11] implies that a is also a self- map of the 
unit ball. On the other hand, it is clear that ip o a = a o ip = idB„, the 
identity map of B n . This shows that both ip and a are automorphisms of 
B n . 

To finish the proof, we use the description of the automorphism group of 
the unit ball [TBI Theorem 2.2.5], which in particular says that any auto- 
morphism that does not fix the origin must be a linear fractional map with 
a non-constant denominator. Since the denominator of ip is a constant, ip 
must fix the origin: ip(0) = 0. Therefore we obtain tp(w) = (A*)~ 1 w and 
ip(w) = Aw for w E M n . But (p and ip map the unit ball into itself, hence A 
is a unitary operator. Since (A*) -1 = A, we see that if(w) = Aw = ip(w) 
for w £ B n . Furthermore, since ip(0) = 0, we have 

f(w) = f(0)/Kl {0) (v(w)) = f(0)/KZ(<p(w)) = /(0), 



which is a constant function. Since g(w) = l//(0), we have f(w)g(w) = 1 
for all «)£B„. 

Thus we have shown the 'only if part of the following proposition. The 
'if part is much easier and it follows from Corollary 13.31 

Proposition 3.4. Let f,g be analytic functions on lB n and let (p, ip be ana- 
lytic self-maps ofM n with ip(0) = 0. Then Wf tV W*^ = I on H-y if and only 
if f, g are constant functions with f~g = l and there is a unitary operator A 
on C n so that (p(w) = ip{w) = Aw for w £ M n . In this case, Wf jtp and W g ^ 
are constant multiples of a unitary composition operator. 

The general case (without the assumption y?(0) = 0) now follows from 
Proposition I3.4I after multiplying both Wf >(p and W g ^ by a unitary operator. 



Theorem 3.5. Let f,g be analytic functions on B n and let ip,ip be analytic 
self-maps of B n . Then Wf :(p W* ^ = I on if and only if ip = ip, an 
automorphism ofM n ; and there is a constant A ^ such that f = Xk2 and 
g = (1/X)k2, where a = (/? _1 (0). Furthermore, both Wf >(p and W g ^ are 
constant multiples of the unitary operator W k j tlf - 
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Proof. The 'if part follows from Proposition 13.11 so we only need to prove 
the 'only if part. Put b = <p(0). Define 

/ = / • kl o ip, if = <p h o tp and g = g ■ k% o ip, ip = tp b o %p. 

Then by (|2.2|) . Wf - = Wf^Ub and W~ r = W g ^Ub- Since Ub is a unitary, we 
have ~W*^ = Wf iV W*^. Therefore the second product is the identity 
operator if and only if the first product is the identity operator. Since 
<p(0) = tp b (ip(0)) = ip b (b) = 0, by Proposition El W?~W* - = I on F 7 

if and only if f,g are constant functions with f ■ g = 1 and there exists a 
unitary operator A on C™ such that <p(w) = ip(w) = Aw for w £ B n . The 
identity cp^ 1 = tpb now implies ip(z) = ip(z) = ipb(Az) for z G B n . Thus 
ip = if) and they equal an automorphism of B n . Suppose / = A / and 
g = l/\. By dsT2D, we obtain 

f = = = xK ' m = Xkl 

Similarly, g = (1/X)kj. Thus W f;(p = XW kl ^ and W g ^ = (l/\)W kl ^. □ 

Corollary 3.6. Let f be an analytic function on ]B n and <p be an analytic 
self-map ofM n such that the operator Wf jip is bounded on for some 7 > 0. 
Then TFAE 

(a) Wfu, is a unitary on H^. 

(b) Wf <t p is a co-isometry on H^. 

(c) f is an automorphism ofM n and f = ^^-i( ) f or some complex number 
A with |A| = 1. 

Proof. The implication (a) =>• (6) is trivial. The implications (6) =>- (c) => 
(a) follow from Theorem 13.51 in the case g = f and ip = <p. □ 

Remark 3.7. The equivalence of (a) and (b) in the above corollary is not 
surprising in one dimension. This follows from the fact that in one dimen- 
sion most weighted composition operators are injective. In fact if / is not 
identically zero and <p is not a constant function, then W/ « is injective on 
any on the unit disk. In dimensions greater than one, it may happen that 
the kernel of Wf u, is non-trivial even in the case / does not vanish and ip is 
a non-constant map of B n . Thus, it might be surprising that all co-isometric 
weighted composition operators are in fact unitary on H^. Corollary 13.61 also 
shows that any unitary weighted composition operator on is of the form 
a constant (of modulus one) multiplying a unitary operator in Proposition 

EH 

Remark 3.8. The equivalence between (a) and (c) for weighted composition 
operators on the Hardy space of the unit disk is shown by Bourdon and 
Narayan in [3] by a different route. They show that if Wfm is unitary, then 
<p must be a univalent inner function, and hence, an automorphism of the 
unit disk. 
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In [3], Bourdon and Narayan go on to characterize the spectra of these 
unitary weighted composition operators. Their spectral characterizations 
are based on whether the automorphism (p is elliptic, hyperbolic or parabolic. 
While the case of elliptic automorphisms (which fix a point in M n ) can be 
carried on to higher dimensions, we have not been able to resolve the other 
two cases. The following spectral description is a consequence of a result in 
the next section about normal weighted composition operators. 

Proposition 3.9. Let f be an analytic function and <p an automorphism 
of B n that fixes a point p € B n . Suppose Wf tip is unitary on H^. Then 
\f(p)\ = 1; all eigenvalues of<p'(p) belong to the unit circle; and the spectrum 
of Wf )V is the closure of the set 

{fip)} U {/(p) ■ Xi - ■ ■ X s : Xj e *(<p'(p)) forl<j<s and s = l,2,.. .}. 

Here o~((p'(p)) is the set of eigenvalues of the matrix (p'(p). 

Proof. Since Wf iip is normal, the description of its spectrum follows from 
Proposition 14.41 in Section 4 below. Since the spectrum of W/ « must be a 
subset of the unit circle, we conclude that = 1 and |A| = 1 for any A 

in a((p'(p)). □ 

We end this section with a lemma that was used in the proof of Proposition 
13. 4[ We only need the finite dimensional version but the infinite dimensional 
case is also interesting in its own right. This result might have appeared 
in the literature but since we are not aware of an appropriate reference, we 
provide here a proof. 

Lemma 3.10. Let AA be a Hilbert space with an inner product denoted by 
(, ). Suppose F and G are two maps from the unit ball B of Ai into Ai such 
that (F(w),G(z)} = (w,z) for all w,z in B. Then there is an orthogonal 
decomposition Ai = Ai\ © M2 © Ai%; there are bounded linear operators 
A,B from Ai into Ai\ with B* A = 1; and there are (possibly non-linear) 
maps F\ : M — > M2 and Gi : M —■ M3 such that F(w) = Aw + F\(w) and 
G(z) = Bz + Gi(z) for all w, z in B. 

If M has finite dimension, then both M2 and M3 are {0} and hence 
F(w) = Aw and G(z) = Bz = (A*)~ 1 z for w, z £ B. If, in addition, F and 
G map B into itself, then A is a unitary operator. 

If F = G, then F x = G x = 0; A = B; and hence F(z) = G(z) = Az for 
z € B. Furthermore, A is an isometry on Ai. 

Proof. Let Af be the closure of the linear span of {G{z) : z € £>}. Then we 
have Pj\fG = G (here Pj^f is the orthogonal projection from Ai onto Af) and 
for all w, z G B, 



(P M F(w),G(z)) = (F(w),G(z)) = (w,z). 
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For any z,wi,W2 in B and complex numbers c±,C2 such that C\W\ + C2W2 
also belongs to B, we have 

(p N F{ Cl wi + c 2 w 2 ) - ciP N F{wi) - C2PmF{w2),G{z)^ 

= (citOl + C2W2, z) - Cl(wi,z) - C2(u>2, z) = 0. 

Since the range of Pj\[F is contained in M and the linear span of the set 
{G(z) : z G B} is dense in Af, we conclude that Pj\fF(ciWi + C2W2) = 
ciPj\fF(wi) + C2Pj^F{w2)- From this, it follows that Pj\[F extends to a 
linear operator on M. We call this extension A and denote the closure of 
its range by Mi. So A can be regarded as an operator from M into M.\. 
We have (Aw,G(z)) = (w,z) for all w,z G B. We claim that A is a closed 
operator and hence by the Closed Graph Theorem, it is bounded. Suppose 
{w m } is a sequence in M such that w m — > and Aw m — > y as m — > 00. For 
zeB, 

= lim (w m ,z) = lim {Aw m ,G(z)) = (y,G(z)}. 

m— ¥00 m— >oo 

Since y belongs to AA\ C M and the linear span of {G(z) : z G B} is dense 
in N, we conclude that y = 0. So ^4 is a closed operator. 

Now for ui,z£S, {Aw,PmiG{z)) = (Aw,G(z)) = (w,z). It then follows, 
by the same argument as before, that P_MiG extends to a bounded linear 
operator on M.. Call this operator B. Then the range of B is contained in 
M\ (hence we may regard B as an operator from M. into Mi) and we have 
(Aw, Bz) = {w, z) for w, z G B. As before, B can be shown to be a closed 
operator, hence it is bounded and we have B* A = 1. 

Put M 2 = MeM and M 3 = AfeMi. Put F-y = P M 2 F and Gi = P Mz G. 
We then have, on B, 

F = P M F + P M2 F = A + Fi, 

G = P N G = P N P Ml G + P N {I - P Ml )G = P Ml G + P M:i G = B + Gi. 

If M is a finite dimensional space, then it follows from B*A = 1 that both 
A and B are invertible operators from M onto Mi- Therefore, Mi = M, 
which forces M 2 = M 3 = {0}. So F(w) = Aw and G(z) = Bz = (A*)'^ 
for w, z G B. If both F and G maps B into itself, then \\A\\ < 1 and 
||(yl*) _1 || < 1. Consequently, both A and A' 1 are contractive operators on 
M. This forces A to be unitary. 

If F = G then we have Fi = G x = and A = B. But B* A = 1, so 
A* A = 1 and hence A is an isometry on M. □ 

4. Normal weighted composition operators 

Recall that for V a linear operator on C n with ||V|| < 1, we denote by 
Cy the composition operator induced by the analytic self-map tpv( z ) = 
Vz of B„. If V is normal, then since CyCy = Cy*v = Cyv* = CyCy, 
the operator Cy is normal on H^. It turns out that these are all normal 
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composition operators on for each 7 > 0. The following result is part of 
PU Theorem 8.2]. 

Proposition 4.1. Let 7 > and let (p be an analytic mapping ofM n into 
itself. Then Cm is normal on if and only if (p(z) = Az for some normal 
linear operator A on C n with \\A\\ < 1. 

The spectrum of a normal composition operator can be determined easily. 
Let A be a normal linear operator on C n with \\A\\ < 1, we will identify the 
eigenvalues and eigenvectors of Ca on iJ 7 . We will show that Ca is diago- 
nalizable and hence its spectrum is the closure of the set of its eigenvalues. 

Since A is normal, there is an orthonormal basis {u\, . . . , u n } of C n which 
consists of eigenvectors of A. Write Auj = XjUj, where Xj is the eigenvalue 
corresponding to Uj for 1 < j < n (note that some of these eigenvalues may 
be the same). Then the spectrum of A is given by a{A) = {Ai, . . . , A n }. 
Let {e\, . . . ,e n } be the standard orthonormal basis for C" and let V be 
the unitary operator on C™ such that Vuj = ej for 1 < j < n. For any 
z = (zi, ... , z n ) in C n , we have 

VAV*{z) = {X 1 z l ,...,X n z n ). (4.1) 

Recall from the Introduction that for any 7 > 0, the set of analytic 
monomials {z m = z™ 1 ■ ■ ■ z™ n : m = (mi,...,m n ) € Nq} is a complete 
orthogonal set in H^. By (|47T1) . we have CvAV*(z m ) = X m z m for all m£N[j 
(here we write X m = A™ 1 ■ ■ ■ A™" and use the convention that 0° = 1). Since 
Cvav* = Cv*CaCv and Cy is unitary with C v = Cy* (by Corollary 13.30 . 
we conclude that the set {Cyz m : m G Ng} is a complete orthogonal set 
in and for each m € Nq, the function Cyz m is an eigenfunction for Ca 
with eigenvalue X m . Thus the operator Ca is diagonalizable in and the 
spectrum o-(Ca) is the closure of the set {X m : m G Nq}. 

The eigenfunctions Cy(z m ) of Ca can be described in terms of the eigen- 
vectors of A as follows. 

Cy(z m ) = Cy(z^ • • • C") = Cy((z, e^ ■■■(z, e n ) m ") 

= {Vz, ei ) mi • • • {Vz, e n ) m " = (z, V* ei ) mi ■ ■ ■ (z, V*e n ) m - 

= (z, Ul ) m ^--{z,u n ) m -. 

We have thus obtained 

Proposition 4.2. Let A be a normal operator on C n with \\A\\ < 1. Let 
{ui, . . . , u n } be an orthonormal basis for C n consisting of eigenvectors of A. 
Write Auj = XjUj for 1 < j < n. Then the following statements hold. 

(a) The set {f m (z) = (z, Ul )™ ■ ■ ■ {z,u n ) m - : m = (mi, . . . ,m n ) € Nq} 
is a complete orthogonal set of Hj. 

(b) Each f m is an eigenfunction ofCA with eigenvalue X m = A™ 1 • • • A™" 

(c) The spectrum of Ca is the closure of the set {X m : m € Nq }, where 
X = (Ai, . . . , A ra ). This set can also be written as {1} U {ai • • • a s : 
ctj £ a{A) for 1 < j < s and s = 1,2,...}. 
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In PJ, Bourdon and Narayan study normal weighted composition oper- 
ators on the Hardy space of the unit disk. They provide two necessary 
conditions for Wf v to be normal Lemma 2 and Proposition 3]: (1) either 
/ = or / never vanishes, and (2) if p is not a constant function and / is not 
the zero function, then <p is univalent. While condition (1) is still valid in all 
dimensions with the same proof, condition (2) no longer holds in dimension 
greater than one, as Proposition 14.11 shows. On the other hand, we will see 
that the characterization of normal Wf u, on remains the same if the map 
cp fixes a point in the unit ball. Our approach here was inspired by that in 
[3] but the argument has been simplified. Furthermore, our proof works for 
all in any dimension. 

Theorem 4.3. Suppose p is an analytic self-map of M n that fixes a point 
p in B n . IfWf tip is a non-zero normal operator, then there exist a constant 
a^O and a normal linear operator A on C n with \\A\\ < 1 such that 

k 1 

f = a 7 p , and <p(z) = ip p (Aip p (z)) for z £ JB n . (4.2) 

Kp O p 

Conversely, if f and ip satisfy (|4.2p . then a = f(p) and Wf & is unitarily 
equivalent to the normal operator f(p)CA (in fact, Wf iip = U p (f '{p)C 'a}U p ) 
and hence it is normal. 

Proof. We assume first p(0) = and Wf^ is a non-zero normal operator. 
By (j2Tj) . we have 

n* K o= W)Ki m =w)Ki 



This shows that Kq is an eigenvector of Wf with eigenvalue /(0). Since 
Wf t <p is normal, we obtain Wf^K^ = /(0)Kq, which implies / • Kq o p = 
/(0)Kq and hence / = /(0) since Kq =1. So / is a constant function (which 
is non-zero because Wf <n is a non-zero operator). This in turns implies that 
C<p is normal on H^. By Proposition 14.14 there is a normal linear operator 
on B n with ||A|| < 1 such that (p(z) = Az for z € M n . 

For general p, define / = (kp o p o p p )(f o p p )kp and p = p p o p o p p . 
By (|2.2p . UpWf :V Up = Wj~. Since Wf iV> and Wj~ are unitarily equivalent 
(recall that U p is a self-adjoint unitary operator), one is normal if and only 
if the other is normal. Since <p(0) = 0, the above argument shows that 
Wj~ is normal if and only if / is a constant function, say, f = a and 
<p(z) = Az for some normal operator A on C n with ||j4|| < 1. Thus we 
obtain (k^ o p o p p )(f o Pp)k^ = a and p p o p o p p (z) = Az. Using the fact 
that p p o p p is the identity map on B n , we get 

OL 

1 = (Ag o y)(Aj[ o p p y and ^)=M^))for^B n . (4.3) 
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On the other hand, since p> p (0) = p = ip p 1 (0), (|3.2[) gives kp • (kp o ip p ) = 1. 
Therefore / can be written as / = a-^-. Since k p (ip(p)) = k p (p), we see 
that f(p) = a. 

Conversely, if / and ip satisfy (14. 2j) , then they satisfy (I4.3P (with a = f(p)) 
and hence Wfm is unitarily equivalent to the normal operator /(p)Ca- d 

We now use Theorem 14.31 and Proposition 14.21 to discuss the spectra of 
normal weighted composition operators. Suppose that / and <p satisfy (|4.2p . 
Let {ni, . . . ,u n } be an orthonormal basis for C n consisting of eigenvectors 
of A. Let Aj be the eigenvalue of A corresponding to the eigenvector Uj and 
put fj(z) = (z,Uj) for 1 < j < n. For each multi-index m = (mi, . . . , m n ) 
in Nq, we write f m = f" 11 ■ ■ ■ f™"- From Proposition 14.21 we know that 
{f m : m G Nq} is a complete orthogonal set of H-y and CU(/ m ) = A m / m for 
each m, where A = (Ai, . . . , A n ). 

For 1 < j < n, put 

9j(z) = (Upfj)(z) = k^(z)f j (p p (z)) = k1(z)(ip p (z),Uj). 

Put g m = g™ 1 ■ ■ ■ g™" = U p ( f m ) for m = (mi, . . . , m n ) € Nft. Since J7 P is 
unitary on H^, the set {g m : m £ Nq} is a complete orthogonal set of H^. 
Since VFy jV , = U p (f(p)CA)U p by Theorem 14.31 and U p = U~\ we conclude 
that Wf j(p g m = f{p)X m g m for m G Nq. Therefore the spectrum of Wf !tf is 
the closure of the set {/(p)A m : m 6 NJ}, which is the same as 

{/(p)} U {/(p) • Qi • • • a s : aj € <r(A) for 1 < j < s and s = 1, 2, . . .}. 

On the other hand, by the chain rule, we have 

p'{p) = p' p (Ap p {Q))Ap' p {p) = p' p (0)Ap' p (p). 

Since <p p o p p = l^ n ,ip p (0) = p and <p p {p) = 0, the chain rule again gives 
(p' p (p)(Pp(Q) = (p p (0)(p' p (p) = I n , the identity operator on C n . Therefore 
<p'(p) and A are similar and hence they have the same set of eigenvalues, 
counting multiplicities. In particular, a (A) = a(ip'(p)). We thus obtain the 
description of the spectrum of Wt v intrinsically in terms of / and p. 

Proposition 4.4. Let f be a non-zero analytic function and <p an analytic 
self-map ofM n that fixes a point p onM n . Suppose Wf v is a normal operator 
on H^. Then the spectrum ofWf^ is the closure of the set 

{fip}} U {/(p) ■ «i • • • a s : aj G o-(p'(p)) for 1 < j < s and s = 1, 2, . . .}. 

We have characterized normal weighted composition operators induced by 
analytic self-maps of B n that fix a point in B n . Our approach (conjugating 
Wf >lf by a unitary) does not seem to work for p that only has fixed point 
on the sphere. In the rest of this section, we investigate normal weighted 
composition operators of a certain type. 

In [31 Section 5], Bourdon and Narayan note that in one dimension, the 
function / in the conclusion of Theorem 14.31 is in fact a constant multiple 
of ,„.., where a is the adjoint of the linear fractional map p. They then 
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go on to find necessary and sufficient conditions for the normality of Wf v , 
where ip is a linear fractional map and / = ^L ) " ^ turns out that in higher 
dimensions similar results also hold but they are less obvious because of the 
complicated settings of several variables. 

Recall that a linear fractional map <p has the form <p(z) = ^-gr^ ; where 
A is a linear operator on C n ; B,C are vectors in C n ; and d is a complex 
number. Given such a map ip, its adjoint is defined by 

a(z) = a v {z) = - Z ° . 

-(z, B) +d 

For more details on a and its relation with <p, see 

We begin by a lemma that can be verified by a direct computation, using 
the formulas of 92, a and of the reproducing kernel functions. 

Lemma 4.5. Let p be a linear fractional self-raap of M n and let a be its 
adjoint. Then for any point a in B„, we have 

K m -K2oa = Kl {0) {a)Kl (a) and ■ IQ o <p = ^ (Q) {a)LC [a) . 



By Remark 12. b\ both operators W K i a and W K i are bounded on 

y( o)' °-(o) _ 

i? 7 . Now the first identity in Lemma 14.51 together with (12. ip shows that 



^ (0))CT ^a 7 = W h {oyl( > K 2 for all a G B n , 
which implies that 

,, = ^7 . (4.4) 

K ¥ ,(0)' (T <t(0) V ' 

We point out that this formula is in fact equivalent to the formula of C* 
given by Cowen and MacCluer in [11, Theorem 16], which can be written as 

C1 = M K , C a M* Rj . 

V %(0) 1 / K cr(0) 

Here for an analytic function g on the unit ball, M g denotes the operator of 
multiplication by g on H^. 

For any point p in B n , it follows from |16l Definition 2.2.1] that the invo- 
lution ip p of B n has the form <p p (z) = fzTj^ fo r some self-adjoint operator 
T depending on p. This implies that the adjoint of (p p is the same as ip p . 
Now let /, (p satisfy (j4.2j) in Theorem 14.31 Then the adjoint a of (p has the 
form a(z) = ip p (A* ip p (z)) for z € B n . (Note that the adjoint of ip\ o ip 2 is 
the composition of the adjoint of V>2 an d the adjoint of ip\, in this order, see 
[HI Lemma 12].) In particular, a(p) = <p p (A* p> p (p)) = p. We thus obtain 

_ K p _ J\ p _ o-(p) Ct 7 

J - a # o p> ~ a K ; op- a K ;ov~ Ki i0) (p) «°r 

The last equality follows from the second identity in Lemma 14.51 Therefore 
we see that / is a constant multiple of . 

In the rest of this section, we assume that <p is a linear fractional map and 
/ = -^J(o)' where as above a is the adjoint map of <p. We look for conditions 
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for which the weighted composition operator Wf m is normal. We emphasize 
here that in the case ip has a fixed point p in B n , Theorem 14.31 provides a 
complete answer: Wf )V is normal if and only if <p(z) = ip p (Aip p (z)) for some 
normal operator A on IB^. The result below does not require that (p have a 
fixed point in M n . 

Proposition 4.6. Suppose ip is a linear fractional self-map o/B n and a is 
its adjoint. Let 7 > and put f = ^J(q) ■ Then the operator Wf jtfi is normal 
on if and only if \<p(0)\ = |c(0)| and ip o a = a o <p. 

Proof. Using (14,4ft and fl2.2f> . we compute 

Wf*w f „ = w K{oya w K(oyV = w KioyK(Q)0(T ^ oa , 
w f „wf„ = w K(o ^w K(ora = w K{oyK(o)0 ^. 

This shows that Wf tV> is normal if and only if p o a = a o <p and 

Km ■ K {0) ° * = K m ■ Km V- (4-5) 

By the first identity in Lemma 14.51 the left hand side of (j4.5f) equals 
^(o)(^(0))i^ Ko)) =(l-k(0)| 2 )-^ Ko3) . 

Similarly by the second identity in Lemma |4.5| the right hand side of (14. 5p 
equals 

K^))K {m) = a - i^(o)i 2 r 7 ^W 

Thus g3]) holds if and only if |er(0)| = \<p(0)\ and <p(a(Q)) = a(<p(Q)). The 
latter is certainly true if p a a = a o p. 

Therefore, the operator W K i ^ is normal if and only if p o a = a o p 

and |y(0)| = |<r(0)|, which completes the proof of the proposition. □ 

Remark 4.7. Proposition 14.61 in the case of the Hardy space on the unit 
disk (n = 1) was obtained by Bourdon and Narayan in [3j Proposition 12] 
but their conclusion was stated in a slightly different way. 

Remark 4.8. In the case n = 1 and <p(z) = ^z+d ^ or com pl ex numbers 
a, b, c, d, an easy calculation shows that the conditions obtained in Proposi- 
tion H?6] are equivalent to \b\ = |c| and ab — cd = bd — ac. 

When n > 2 and p(z) = (Z x A^, d , the conditions can then be expressed in 
terms of A, B, C and d. We leave this to the interested reader. 

We conclude the section by a result taken from [3j Proposition 13] with 
a slightly modified proof using Remark 14.81 

Proposition 4.9. Suppose that p> is a linear fractional self-map of the unit 
disk of parabolic type (so there is an oj with \oj\ = 1 such that p{ui) = u and 
<p'(uS) = I). Then the operator W K -i q >(p is normal on H 7 for any 7 > 0. 

Here as before, a is the adjoint map of p. 
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Proof. As it is explained in the proof of [3j Proposition 13], we only need to 
consider u = 1 and tp of the form 

(2-t)z + t 
m(z) = -i i -, where Re t) > 0. 

Since a = 2 — t,b = t,c = —t and d = 2 + t, we have |6| = |c| and a& — 
cd = bd — ac = 4Re(i). The conclusion now follows from Remark 14.81 and 
Proposition 14,61 □ 

5. Self-adjoint weighted composition operators 

In this section we characterize when the adjoint of a weighted composition 
operator on is another weighted composition operator. As a consequence, 
we determine necessary and sufficient conditions for which the operator Wtw 
is a self-adjoint operator. This generalizes the characterizations obtained in 
OH], where the one-dimensional case is considered. Furthermore, our solu- 
tions to the equation W*^ = Wf iV seems to be new even in one dimension. 

We will need the following elementary result regarding maps on the unit 
ball of a Hilbert space. The existence of the linear extensions follows from 
a similar argument as in the proof of Lemma 13.101 The boundedness is well 
known and it is a consequence of the closed graph theorem. 

Lemma 5.1. Let A4 be Hilbert space with an inner product (,}. Suppose 
F and G are two maps from the unit ball B of Ad into A4 such that for all 
z,w € B, (F(w),z) = (w,G(z)). Then there is a bounded linear operator A 
on A4 such that F(w) = Aw and G(w) = A*w for all w G B. 



By (|4.4p we see that the adjoint of W^t q ^ is the weighted composition 

operator W K i a when ip is a linear fractional map and a is the adjoint 

map of (p. Our main result in this section shows that any non-zero weighted 
composition operator whose adjoint is a weighted composition operator must 
be a constant multiple of an operator of this form. 

Theorem 5.2. Let f,g be analytic functions on M n and p,ip be analytic 
self-maps ofM n . Then Wf )tp and W g ^ are non-zero bounded operators on 
and W*^ = Wf jtfi if and only if there are vectors c,d in M n , a linear 
operator A on C n and a non-zero complex number a such that 

/ v d + Az , ., . c + A*z 

<p(z) = -. r and ip(z) = ; — — for all z € B n , (5.1) 

l-{z,c) l-{z,d) 

and f = aKc = aK^ Q y g = aKj = aK^ Q y In particular, the maps <p 
and ip are linear fractional maps. 

Remark 5.3. Note that the map ip in f)5. If) is the adjoint of ip. Thus 
Theorem 15 . 2 1 say s . in particular, that if W g> ^ is the adjoint operator of Wf >ip , 
then ip is the adjoint of ip. 
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Proof. Suppose first W*^ = Wf jip on H 7 and they are non-zero operators. 
For any z and w in M n , using (|2.ip we have 



f(w)K2(<p(w)) = (W f ^K2)(w) = (W^K])(w) = g{z)Kl {z) {w). (5.2) 

Letting z = in fl£2D gives f(w) = g^)K^ (Q) H = g(0) (l - (w, ^(0))) ~ 7 
for w £ B„. This, in particular, implies /(0) = g(0), which is non-zero by 
the assumption that operators are non-zero. 

Letting w = in (I5.2p gives 

g{z) = f(Q)KZ(<p(0)) = /(0)(1 - MO),*)) -7 for z e B n . 

Substituting the formulas for /, g and K(-, ■) into (|5.2p and canceling the 
constants, we obtain 

(1 - (u,,V(0))r 7 (l - MH^))" 7 = (1 - M0),z))^(l - (u,,^))) -7 - 

This identity implies 

(1 - KV(0)))(1 - (<p(w),z)) = (1 - M0),z))(l - <u>,^(*)». (5.3) 

An easy calculation then gives 



Using Lemma 15.11 we conclude that there exists a linear operator A on C n 
such that 

. . if(0)+Aw . . V(0) + ,4*2: 
l-(iy,V(0)) 1 - (z, </?(0)) 

Put a = /(0), c = "0(0) and d = </?(0), we see that /, g and yj, -0 satisfy (|5.ip . 

For the converse, suppose /, 5 and 99, ^ are as above such that tp and i/j 
map the unit ball into itself. Since Wj jV = aWj^ o if! and W g ^ = aW K i 

(|4.4p gives W fli ^ = ^ on H J: which is equivalent to W/ )V = W"*^,. The 
boundedness of these operators on ff 7 follows from Remark 12.51 □ 

As an immediate application of Theorem [521 we obtain a characterization 
of self-adjoint weighted composition operators. 

Corollary 5.4. Let f be an analytic function and ip an analytic self-map 
o/B n . Then Wfu> is a non-zero self-adjoint bounded operator on if and 
only if there is a vector c € M n , a self-adjoint linear operator A on C n and a 
real number a such that f = a Kj = a -^J(q) an( ^ ^i 2 ) = i-(zc) f or z ^ 

Proof. Since W* = Wf >(p , Theorem 15.21 shows that there are vectors c, d in 
B n , a linear operator A on C n and a complex number a such that for all 
z G B n , f(z) =aKj = aK2 and tp[z) = = fz^j- This shows that 

a = a, c = d and A* = A and hence /, 93 have the required form. □ 
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In [9j[8], the authors go on to describe the eigenvectors, eigenvalues and 
other spectral properties of self-adjoint weighted composition operators on 
H-y (7 > 1) of the unit disk. Their analysis is based on the classification of 
linear fractional self-maps of the unit disk. 

In dimension n > 2 and in the case cp has a fixed point in B n (the el- 
liptic case), eigenvectors, eigenvalues and the spectrum of the self-adjoint 
operator Wf )(p can be described as in Proposition 14.41 and in the discussion 
preceding this proposition. The cases where all the fixed points of tp lie on 
the unit sphere (the parabolic and hyperbolic cases) are, we believe, more 
complicated and seem to require more careful analysis. We leave this open 
for future research. 
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